Bayesian optimization (BO) is a class of sample-efficient global optimization methods, where a probabilistic model conditioned on previous observations is used to determine future evaluations via the optimization of an acquisition function. Most acquisition functions are myopic, meaning that they only consider the impact of the next function evaluation. Nonmyopic acquisition functions consider the impact of the next h function evaluations and are typically computed through rollout, in which h steps of BO are simulated. These rollout acquisition functions are defined as h-dimensional integrals, and are expensive to compute and optimize. We show that a combination of quasi-Monte Carlo, common random numbers, and control variates significantly reduce the computational burden of rollout. We then formulate a policy-search based approach that removes the need to optimize the rollout acquisition function. Finally, we discuss the qualitative behavior of rollout policies in the setting of multimodal objectives and model error.
Introduction
Bayesian optimization (BO) is a class of methods for global optimization used to minimize expensive blackbox functions. BO builds a probabilistic model of the objective and then determines future evaluations via an acquisition function. There are many applications of BO including robotic gait control [3, 34] , sensor set selection [6] , and neural network hyperparameter tuning [30] . BO is favored in these tasks because of its sample-efficient nature. Achieving this sample-efficiency demands that BO balance exploration and exploitation. However, standard acquisition functions such as expected improvement (EI) are too greedy and perform little exploration [26] . As a result, they perform poorly on multimodal problems [10] and have provably sub-optimal performance in certain settings, e.g., bandit problems [31] . A key research goal in BO is developing less greedy acquisition functions [29, 4] . Examples include predictive entropy search (PES) [10] or knowledge gradient (KG) [5] . Lam et al. [17] frame the exploration-exploitation trade-off as a balance between immediate and future rewards in a continuous state and action space Markov decision process (MDP). In this framework, non-myopic acquisition functions are optimal MDP policies, and promise better performance by considering the impact of future evaluations up to a given BO budget (also referred to as the horizon).
Unfortunately, maximizing the MDP reward is an intractable problem as it involves solving an infinitedimensional dynamic program [24, 4] . Rollout is a popular class of approximate solutions in which future BO realizations and their corresponding values are simulated using the GP model and then averaged. This average defines a rollout acquisition function, which is considered the state-of-the-art in non-myopic BO [4, 35] . While more practical than the original MDP problem, rollout acquisition functions are still computationally expensive to the extent that suggesting the next evaluation can take several hours [35] . This paper aims to make non-myopic BO more practical by reducing the time to suggest the next point from hours to seconds. In particular, our main contributions are: 2 . The GP has one promising minimum, but also a region of high uncertainty. For each acquisition function, we perform two steps of BO. EI will ignore the left region and instead greedily evaluate twice in a sub-optimal location. KG is less greedy, but will nonetheless evaluate similarly to EI. The non-myopic acquisition will properly evaluate the region of high uncertainty and identify the global minimum.
function from a given set at each BO iteration. This removes the need to optimize the rollout acquisition function, and makes rollout much more practical.
• We provide experimental results for both rollout acquisitions and policy search. The former suggests that rollout acquisition functions perform better on multimodal problems. The latter shows that policy search performs as well as, if not better than, the best-performing one-step acquisition function.
• We examine the impact of model mis-specification on performance and show that increasing the rollout horizon also increases sensitivity to model error.
Background and related work
Many papers have been published in the sub-field of non-myopic BO over the last few years [36, 35, 4, 9, 16-18, 21, 8] . Most of this recent research concerns rollout, in which future realizations of BO are simulated over horizon h using the GP model and averaged to determine the acquisition function. Rollout acquisition functions represent the state-of-the-art in BO and are integrals over h dimensions, where the integrand itself is evaluated through inner optimizations, resulting in an expensive integral. The rollout acquisition function is then maximized to determine the next BO evaluation, further increasing the cost. This large computational overhead is evidenced by Osborne et al. [21] , who are only able to compute the rollout acquisition for horizon 2, dimension 1; and later by Lam et al. [17] , who use Gauss-Hermite quadrature in horizons up to five and see runtimes on the order of hours for small, synthetic functions [35] .
Recent work focuses on making rollout more practical. Wu and Frazier [35] consider horizon 2, and uses a combination of Gauss-Hermite quadrature [19] and Monte Carlo (MC) integration to quickly calculate the acquisition function and its gradient. Non-myopic active learning also uses rollout [7, 12, 13, 15] , and recent work develops a fast implementation by truncating the horizon and selecting a batch of points to collect future rewards [12, 13] .
Gaussian process regression and BO: Suppose we seek a global minimum of a continuous objective f (x) over a compact set Ω ⊆ R d . If f (x) is expensive to evaluate, finding a minimum should ideally be sample-efficient. BO often uses a Gaussian process (GP) to model f (x) from the data
We place a GP prior on f (x), denoted by f ∼ GP(µ, K), where µ : Ω → R and K : Ω × Ω → R are the mean function and covariance kernel, respectively (see the supplement for examples). The kernel K(x, x ) correlates neighboring points, and may contain hyperparameters, such as lengthscales that are learned to improve the quality of approximation [27] . For a given D k , we define:
We assume y i is observed with Gaussian white noise:
. Given a GP prior and data D k , the resulting posterior distribution for function values at a location x is the Normal distribution
where I k is the k × k identity matrix.
Non-myopic Bayesian optimization: Non-myopic BO frames the exploration-exploitation trade-off as a balance of immediate and future rewards. Its behavior is demonstrated in Figure 1 , where a non-myopic acquisition function identifies the minimum faster than either EI or KG. Lam et al. [17] formulate non-myopic BO as a finite horizon dynamic program. We present the equivalent Markov decision process (MDP) formulation.
We use standard notation from Puterman [25] : an MDP is the collection < T, S, A, P, R >. T = {0, 1, . . . , h − 1}, h < ∞ is the set of decision epochs, assumed finite for our problem. The state space, S, encapsulates all the information needed to model the system from time t ∈ T . A is the action space. Given a state s ∈ S and an action a ∈ A, P (s |s, a) is the transition probability of the next state being s . R(s, a, s ) is the reward received for choosing action a from state s, and ending in state s .
A decision rule, π t : S → A, maps states to actions at time t. A policy π is a series of decision rules π = (π 0 , π 1 , . . . , π h−1 ), one at each decision epoch. Given a policy π, a starting state s 0 , and horizon h, we can define the expected total reward V π h (s 0 ) as:
In phrasing a sequence of decisions as an MDP, our goal is to find the optimal policy π * that maximizes the expected total reward, i.e., sup π∈Π V π h (s 0 ), where Π is the space of all admissible policies.
If we can sample from the transition probability P , we can estimate the expected total reward of any base policỹ π with MC integration [33] :
Given a GP prior over data D t with mean µ (t) and kernel K (t) , we model h steps of BO as an MDP. This MDP's state space is all possible data sets reachable from starting state D t with h steps of BO. Its action space is Ω; actions correspond to sampling a point in Ω. Its transition probability and reward function are defined as follows.
Given an action x t+1 , the transition probability
In other words, the transition probability from D t to D t+1 is the probability of sampling y t+1 from the posterior GP(µ (t) , K (t) ) at x t+1 . We define a reward according to EI [14] . Let y * t be the minimum observed value in the observed set D t , i.e., y * t = min{y 0 , . . . , y t }. Then our reward is expressed as:
EI can be defined as the optimal policy for horizon one, obtained by maximizing the immediate reward:
where the starting state is D k . In contrast, we define the non-myopic policy as the optimal solution to an hhorizon MDP. The expected total reward of this MDP can be expressed as:
For h > 2, the optimal policy is difficult to compute.
Rollout acquisition functions:
In the context of BO, rollout policies [1] , which are sub-optimal but yield promising results, are a tractable alternative to optimal policies [35] . For a given current state D k , we denote our base policyπ = (π 0 ,π 1 , . . . ,π h−1 ). We introduce the notation D k,0 ≡ D k to define the initial state of our MDP and D k,t for 1 ≤ t ≤ h to denote the random variable that is the state at each decision epoch. Each individual decision ruleπ t consists of maximizing the base acquisition function Λ given the current state s t = D k,t ,
Using this policy, we define the non-myopic acquisition function Λ h (x) as the rollout ofπ to horizon h i.e., the expected reward ofπ starting with the actionπ 0 = x: where y k+1 is the noisy observed value of f at x k+1 . Λ h is better than Λ in expectation for a correctly specified GP prior and for any acquisition function. As with any acquisition function, the next BO evaluation is:
Unfortunately, while rollout is tractable and conceptually straightforward, it is still computationally demanding. To rolloutπ once, we must do h steps of BO with Λ. Many such rollouts must then be averaged to reasonably estimate Λ h , which is an h-dimensional integral. Estimation can be done either through explicit quadrature or MC integration, and is the primary computational bottleneck of rollout. Our paper significantly lowers the computational burden of rollout through MC variance reduction and a fast policy search method that avoids optimizing Λ h . We detail these methods in the next section.
Methods
In the context of rollout, MC estimates the expected reduction over h steps of BO using heuristic policyπ:
The distribution for y t+1 is a normal distribution whose mean and variance are determined by rolling outπ to horizon h and examining the posterior GP:
(1) A sample path in this context may be represented as the sequence (x k , y k ), (x k+1 , y k+1 ), . . . , (x k+1 , y k+h ) produced by Equation 1. We parameterize the vector of y values, y, with an h-dimensional vector z drawn from N (0,
, so we map z t+1 to y t+1 by a simple scale-and-shift. This map is done sequentially from time step one to time step h. MC integration thus involves sampling N times from N (0, I h ), mapping each of the samples, and averaging. The mapping step is equivalent to applying our rollout policyπ, and is the dominant cost of integration.
Compared to other quadrature schemes, MC is well-suited to high-dimensional integration. MC converges at a rate of σ/ √ N , the standard deviation of the MC estimator, where σ is the sample variance and N is the total number of samples. MC's primary drawback is slow convergence. Increasing precision by an order of magnitude requires two orders of magnitude more samples If σ is high, many samples may be required to converge. In this section, we focus on two strategies that significantly decrease the overhead of rollout: variance reduction and policy search.
Variance reduction
Variance reduction is a class of methods that improve convergence by decreasing the variance of the estimator. Effective variance reduction methods can reduce σ by orders of magnitude [22] . We use a combination of quasi-Monte Carlo, common random numbers, and control variates, which significantly reduces the number of MC samples needed, as evidenced by Figure 2 .
Quasi-Monte Carlo (QMC): Instead of sampling directly from the probability distribution, QMC instead uses a low-discrepancy sequence as its sample set [2, 20] . QMC methods converge at a rate bounded above by log(N ) h /N , which is close to linear for relatively large values of N . In practice, this bound is often loose, and convergence proceeds faster [23] . QMC methods are inapplicable when a low-discrepancy sequence does not exist for the underlying distribution.
In our case, the distributions we integrate over are Normal, for which low-discrepancy sequences do exist. We generate low-discrepancy Sobolev sequences in the hdimensional uniform distribution U[0, 1] h and map them to the unit multivariate Gaussian via the Box-Muller transform [28] . This yields a low-discrepancy sequence for N (0, I h ). Recall the parameterization of samples from N (0, I h ) to sample rollout trajectories in Equation 1. We apply QMC by replacing the unit multivariate Gaussian samples with our low-discrepancy sequence.
Common random numbers (CRN): CRN is used when estimating a quantity to be optimized over parameter x, and is implemented by using the same random number stream for all values of x. CRN does not decrease the point-wise variance of an estimate, but rather decreases the covariance between two neighboring estimates, which smooths out the function. Consider estimating E y [f (y, x 1 )] and E y [f (y, x 2 )] for two points x 1 and x 2 using N samples, with variances σ 1 /N and σ 2 /N respectively. We define the differences δ andδ as:
Here,δ uses the same number stream for both x 1 and x 2 . If x 1 and x 2 are close and f is continuous in x,
This increased consistency between neighboring points improves optimization accuracy, as seen in Figure 3 . In the context of BO, we opt to use covariates derived from existing acquisition functions with known means. EI and PI are straightforward options. We expect their value to be at least somewhat correlated with the value of the rollout acquisition function; a promising candidate point should ideally score highly among all acquisition functions, and vice-versa. We will demonstrate the effectiveness of these variates in • Expected improvement (EI) γ(y| x) = y * − y , y < y * 0 , y ≥ y * .
Policy search
While we have dramatically lowered the cost of evaluating the rollout acquisition function, there still remains the problem of its optimization. Wu and Frazier [35] use the reparameterization trick to estimate the gradient of EI for horizon two and use stochastic gradient descent to maximize it. However, their method does not immediately extend to horizons larger than two. Policy search is an alternative method for approximately solving MDPs, in which a best performing policy is chosen out of a (possibly infinite) set of policies Π = {π 1 , π 2 , . . . } [1] . It is performed either by computing the expected reward for each policy in the set, or using a gradient-based method to maximize the expected reward given a parameterization of the policy set. In this paper, we use a finite policy set:
where A is any arbitrary set of acquisition functions. We then select the best-performing policy:
A less formal explanation follows: at every step of BO, we roll out each acquisition function in A on its argmax, and use the one with the highest h-step reward. A related approach by Hoffman et al. [11] employs a bandit strategy to switch between different acquisition functions. Our policy search method does not maximize the rollout acquisition function, and is thus significantly faster, though it likely reduces performance. Experiments in Section 4 suggest that our policy search method performs at least as well as the best-performing acquisition in Π ps .
Experiments and discussion
Unless otherwise stated, we use a GP with the Matérn 5/2 ARD kernel [30] and learn its hyperparameters via maximum likelihood estimation [27] . When rolling out acquisition functions, we maximize them with L-BFGS-B using five restarts, selected by evaluating the acquisition on a Latin hypercube of 10d points and picking the five best. EI is used as the base rollout policy except for in the policy search experiments. All synthetic functions are found in [32] . We will provide code upon publication.
Variance reduction experiments:
We compare the estimation error and convergence rate between the standard MC estimator and our estimator. We take 2d random points in the domain and evaluate the Ackley and Rastrigin functions in 2D and 4D, respectively. We roll out EI for horizons 2, 4, 6, and 8, and calculate the variance of both estimators for MC sample sizes in [100, 200, 300, . . . , 2000], using 50 trials each. We take the ground truth to be estimation with 10 4 samples. The mean error of the standard MC estimator (red) and our reduced-variance estimator (blue) are plotted with dotted lines in Figure 4 , with standard error shaded above and below. We also compute a best-fit line to each mean error, which is plotted with a solid line. Table 1 summarizes our experimental results, and includes our estimates for the convergence rate of both estimators and the relative reduction in estimation error σ/σ. Our estimator has significantly lower estimation error -the maximum reduction in estimation error we achieve is a factor of 410. Standard MC clearly converges at a N −1/2 rate. Our estimator converges like N −1 for smaller horizons, but its convergence rate drops as h increases. This is due to QMC's log(N ) h /N convergence. N is not large enough for longer horizons to exhibit N −1 convergence; increasing it past 2000 should yield N −1 convergence.
Another trend is the increase in estimation error as the horizon increases, which is expected given that the dimensionality of the underlying integral increases. Fortunately, the error seems to increase only linearly -and by a small constant-rather than exponentially, suggesting that MC samples proportional to h is sufficient to achieve a high quality of approximation. Finally, the reduction in estimation error levels off to around a factor of 25, suggesting that the correlation between the rollout acquisition function and our control variates decreases when h increases. A factor of 25 error reduction is still significant; the standard MC estimator would need a minimum of 600 times more samples to achieve comparable accuracy.
Full rollout on synthetic functions: We roll out EI for h = 2, 4, and 6 on the Branin, weighted-two-norm (2D), Ackley (2D), and Rastrigin (4D) functions in Figure 5 using 200h MC samples, and compare to both standard EI and random search. To optimize the acquisition functions quickly, we employ the following strategy: we evaluate the acquisition function on a Sobelov sequence of size 10d, as well as an additional point which is the argmax of EI. We then use this as an initial design and run BO for 50d more iterations. We run 50 iterations for each horizon and provide random search as a baseline. The mean results and the standard error are plotted in Figure 5 .
On the Branin function, all horizons performed comparably and converge in 20 iterations. Rollout performed best on the Ackley and Rastrigin functions, which are multimodal. On the weighted norm function, which is strongly convex, EI converges within 10 iterations, and looking ahead further yielded poorer results. These results suggest that more exploratory acquisitions are needed for a multimodal objective, whereas more exploitative acquisitions suffice for reasonably simple objective functions.
Policy search: We consider policy search (PS) with an acquisition set of EI, KG, and Upper Confidence Bound (UCB-κ) for κ ∈ {0, 1, 2, 4, 8} [30] , which contains acquisitions that tend towards both exploitation and exploration. We run policy search for horizons 2 and 4 on the Branin, Sixhump, Ackley, and Rastrigin synthetic functions, all in 2D, using 200h MC samples.
All acquisition functions are maximized via L-BFGS-B with five random restarts, except for KG, which uses grid search of size 900. The mean results and standard error over 50 trials are plotted in Figure 6 , in which policy search for horizons 2 and 4, labeled PS2 and PS4 respectively, do better or on par with the best-performing acquisition function. This robustness is a key strength of policy search, as the performance of each acquisition function is often problem-dependent. We also examine the choice of acquisition function as a function of iteration. The percentage of use of each acquisition function is shown for its corresponding objective, and for plotting purposes we smooth the percentage with a box filter of size five. EI and KG are chosen more often than the other acquisition functions. UCB-0, the worst performing method representing a pure exploitation policy, is chosen significantly less than others, while UCB-2 was chosen the most often out of the UCB family. Of particular interest is the Ackley function (third column, Figure 6 ): when UCB-2 starts to outperform the other acquisitions functions, a clear spike in its percentage of use is seen in the corresponding histogram. The impact of model mis-specification: We believe that any probabilistic model only supports a limited amount of look-ahead due to the effects of model error. Errors in the GP model result in errors to the MDP transition probabilities, which grow as they are propagated towards longer horizons. This likely renders long-horizon rollout ineffectual. We support this hypothesis by comparing the performance of policies in the MDP setting they were designed in with their observed performance on objectives drawn from a different MDP.
We do this by drawing objective functions from a GP with fixed kernel every step of BO. More concretely, evaluating the objective function at any point x is performed by sampling from the GP posterior distribution at x. Because policies are designed to maximize this MDP's reward for a fixed horizon and because the objective is drawn from the MDP itself, policies looking further ahead perform better by definition. We then draw objectives from a GP using a different kernel with a different lengthscale, and check if policies looking further ahead still perform better.
We rollout EI in 1D with a budget of seven and we model our objective with a GP using the Matérn 5/2 kernel with = 0.2. In Figure 7 , the left panel depicts expected performance of rollout for h = 1, 2, 3, 4, and 5. The middle panel and right panels depict observed performance of rollout when the we sample objectives from a GP that has a far smoother kernel (SE with = 0.8) and far less smooth kernel (Matérn 3/2 with = 0.05), respectively. All plots use 2000 independent BO trials with a fixed initial design.
The result is perhaps unsurprising; the ranking of the observed performance of policies completely reversed from the expected performance. Myopic BO performed the best; more generally, policies with shorter horizons outperformed those policies with longer horizons. This demonstrated sensitivity to model error suggests nonmyopic BO must carefully strike a balance between model accuracy and look ahead horizon, and justifies use of modest horizons over the full BO budget. This confirms experimental results by Yue and Kontar [36] , who suggest looking ahead to modest horizons is preferable to longer horizons in practice.
Conclusion
We have shown that a combination of quasi-Monte Carlo, control variates, and common random numbers significantly lowers the overhead of rollout in BO. We have introduced a policy search which further decreases computational cost by removing the need to maximize the rollout acquisition function. Finally, we have illustrated the penalties incurred by using inaccurate GP models in This work raises several interesting research directions.
Decreasing the variance of our estimator may be possible with additional variance reduction methods such as stratified or antithetic sampling [22] . Developing a more comprehensive policy search space, such as a parameterized set of all convex combinations of acquisition functions, may further strengthen the policy search performance.
